
T H E  P R O B L E M  O F  N O N S T E A D Y  D I F F U S I O N  

B.  A.  I v a k i n  a n d  P .  E.  S u e t i n  UDC 533.15 

A solution has been derived for the nonsteady diffusion equation for two flasks of identical 
volume, connected by a capil lary,  with considerat ion given to the transi t ion process  and the 
diffusion res i s tance  of the flasks.  This sotution is compared with the approximate Ney and 
Arm[stead solution. 

The two-flask method of experimental ly measur ing the coefficients of mutual gas diffusion has recently 
gained widespread acceptance.  The experimental  data are  processed  according to the following Ney and 
Arm[stead [1] formula:  

[ VI+V2 ] c ~ c z  -- exp - - e  Fo . (1) 
c ~ --Co~ V~ 

It was assumed in the derivation of this formula that: 

1. The concentrat ion var ies  l inearly along the capil lary length. 

2. A concentration gradient exists only in the capil lary.  

3. The capi l lary volume is considerably smal le r  than the flask volumes containing the test  gases .  

Our paper is devoted to evaluating the effect of the above-ci ted assumptions on the two-f lask method 
for  measur ing the diffusion coefficients.  

Let us consider  the diffusion of a gas through a capi l lary connecting two spherical  flasks of identical 
volume and filled with a mixture of different gases .  It is assumed that the tempera ture  and p r e s s u r e  within 
these vesse ls  are  identical. The capi l lary ends are located at the flask centers  and we assume that the con-  
eentrations are  distributed with spherical  symmet ry  about the vesse l  centers .  In this formulation of the 
problem one end of the capi l lary  can be replaced by a spherical  surface source,  and the other by a sink. 
Here,  to p rese rve  the conditions of balance the c ross - sec t iona l  a rea  of the capil lary must be equal to the 
a rea  of the surface source  (sink), i.e., Zrre2 = 4zrr~ or  r I = (1/2)r e. 

With the above-indicated assumptions,  the sys t em of diffusion equations in the one-dimensional  ease 
for  a capi l lary and the flasks can be writ ten as follows: 

_O c__ = D 02--c- 
at  Ox 2 ' 

c3Q'zot -- D \ ~-r c3~ct"2 -~ r2 c3Q, 2dr ) 

with the following initial and boundary conditions: when t = 0, e = e01 for 0 < x ~ L; e 1 = e01 and e 2 = c02 for 
0 < r - < R ;  

1. Oct -- Ocz ----- 0 when r = R; 
Or Or 

2. Oq _ aD Oc whenx=L;  
Ot V Ox 
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3. OQ aD Oc 
--0~- -- V Ox whenX= 0; 

4. c(0, t )=  c2(t't, /), c(L, t ) =  q (q, t); 
R 

c,,2 = ~ -  q,z (r, t) r'dr. 

0 

The solution of this problem can be found with the Laplace t ransform [2]. 
cumbersome calculations, we have 

1 

~,~ R/L 

Omitting the extremely 

c --  c ~ =(era -- Co2) E sin IX,~ E2 sin tX~re/L 
r t = l  

) 
2nrrc ~=l 

sin IX,~ L L exp Fo a , 

a (Co,--%) V 

n = l  

. 

. i ] 
sm/x~[--cos IX,.,-- -!-sin Ix= sin Ix,~ rc 

[E 2 E, ~-  
IX,~ + (--1)"cx sin ~,~ 

r 1 ~,~ R/L sin p,~ L L 

(2) 

(3) 

(4) 

where 

C ~ 
coi (aL + V) + coz V , E, = cos/x,~ R 1 sin ~n ~ 

2V + aL L P~n R/L L 

E2=cos l~ (  R r e )  1 s inl~(  R r c )  
L 2L Ix,~ R/L L 2L ' 

r R . rc 1 R R 
a = t , , ~ - E c t g  I x . ~ - + ~ [ t , . - - ~ . -  sin Ix. L 

E z [ 2 R  L 2L - -  g~ , L 

/z n is determined from the character is t ic  equation 

�9 F C 
2E,E 2 sm Ix~ - ~  

tg Ix,, = 
E 2 . ~ r c  ~ 2  

2 sm I a n ~ - - ~ z i  

2L rc ) sin P'" ( R L 2L rc ) ]  ; 

(5) 

These solutions describe the concentration distribution of the gas over the capi l lary length and along 
the flask radii .  The investigator is most interested in the time relationship that applies to the average con- 
centration in the vessels .  After integration of (3) and (4) in l imits f rom 0 to R we find the following expres-  
sions for the average concentrations: 

-7 El sin ~ exp [-- ~t~ Fo] 

re ~ 1~[~,~-4- (--1)"a sin Ix,] ' (6) 

r e  l sin/x n [ - - c o s  Ix~--sm ix,~ sm ~ , ~ -  exp [--~x~ Fol 
- c ~ = 2~ L _  (Co, - -  Co2) [ e2 

rc ~t~ 1~ + (--1) n asin Ix~] (7) 
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T A B L E  ! .  Roots  of the  C h a r a c t e r -  
i s t i c  Equa t ion  (5) 

R / L ,  re~L, a ~t, P,2 ga 

0,5; 0,01; 6.10 -~ 0,03447 
0,5; 0,05; 0,015 0,1692 

3,1113 
3,0126 

6,2215 
5,9830 

T A B L E  2. T i m e  to Reach  a 
Q u a s i s t e a d y  Sta te  f o r  V a r i o u s  
C a p i l l a r y  G e o m e t r i e s  

i e Fo L t 

6.10 -4 0,15(0,14) I 30(28) 
i 

0,915 0,51 (9,49) t 102 (98) 

Note: we have calculated t for 
D=0.5.10 "4m2/secandL 2=1 m 2. 

We b r i n g  (5) to a f o r m  conven ien t  fo r  a n a l y s i s ,  i t  i s  s i m p l e  to d e m o n s t r a t e  tha t  when e << 1 even #1 
<< 1. Expand ing  the r i g h t - h a n d  m e m b e r  of (5) in p o w e r s  of Pl and l i m i t i n g  o u r s e l v e s  to t e r m s  of the  f i r s t  
o r d e r  of s m a l l n e s s ,  we find 

2s 
tg ~i ~-~ rc ( ) ~ 1 + - L - + . . .  

It fo l lows d i r e c t l y  f r o m  (8) tha t  fo r  ~ << 1 

2s 

1 -F. rc/L 

The  r e m a i n i n g  v a l u e s  of P'n wi l l  be  c l o s e  to (n - 1)Tr, n = 2, 3 . . . . .  co. 

I t  w i l l  be  i n t e r e s t i n g  to e v a l u a t e  the  magn i tude  of the  a v e r a g e  gas  c o n c e n t r a t i o n  in the  f l a s k  as  a r a t i o  
of the  c o n c e n t r a t i o n  at  the  end of the  c a p i l l a r y .  F r o m  (2) and (6) fo r  the q u a s i s t e a d y  s t a t e  we f ind 

c~ - -  c~ E t 2e r e 
- ~ 1 +  § 

c c - c  ~ E~ ~lrc/L -~s "'" " 

if  the  g e o m e t r i c  d i m e n s i o n s  of the  i n s t a l l a t i o n  a r e  known,  the  r e s u l t i n g  e x p r e s s i o n  thus  m a k e s  i t  p o s s i b l e  
i m m e d i a t e l y  to e v a l u a t e  the  e r r o r  which  we  i n t r o d u c e  into the  c o n c e n t r a t i o n  by  n e g l e c t i n g  the d i f fus ion  r e -  
s i s t a n c e  of the  f l a s k s .  

In o r d e r  to c a r r y  out  c e r t a i n  n u m e r i c a l  c a l c u l a t i o n s  we found the t h r e e  f i r s t  r o o t s  of  the  c h a r a c t e r i s t i c  
equa t ion  (5) (see  Tab le  1) fo r  two v a l u e s  of the  p a r a m e t e r  a. 

With  (2) we c a l c u l a t e d  the  t i m e  to e s t a b l i s h  the  q u a s i s t e a d y  s t a t e  in the a s s u m p t i o n  tha t  the  e o n c e n t r a -  
t ion  in the midd l e  of the  c a p i l l a r y  d i f f e r s  f r o m  the  l i n e a r  d i s t r i b u t i o n  by  1%. The r e s u l t s  a r e  shown in 
Tab le  2. The v a l u e s  of the  F o u r i e r  n u m b e r  v i r t u a l l y  c o i n c i d e  wi th  the  v a l u e s  (shown in p a r e n t h e s i s )  e a l -  
c u l a t e d  e a r l i e r  f r o m  a f o r m u l a  d e r i v e d  wi thout  c o n s i d e r a t i o n  of the  c o n c e n t r a t i o n  g r a d i e n t  in the  v e s s e l s ,  
and th i s  f o r m u l a  [3], when V 1 = V2, h a s  the  f o r m  

c - - c a  = ( c ~ 1 7 6 1 7 6  ~ s i n % (  1 - -  x ) ] e x p [ - - a : F O l } L  
t/~l " 

{ }-1 
• % + sin %, cos a~ -? S - - s i n 2 a ,  , (9) 

gn 

2can (10) 
t g a , -  a2__e~.  

F o r m u l a  (9) can  thus  be  u s e d  to e v a l u a t e  the  t i m e  n e e d e d  to r e a c h  the q u a s i s t e a d y  s t a t e  in a g iven  e x -  
p e r i m e n t a l  i n s t a l l a t i o n .  M o r e o v e r ,  i t  can  be  d e m o n s t r a t e d  tha t  (9) can  be  r e d u c e d  to s o l u t i o n s  (6) and (7) 
(when x = L and 0, r e s p e c t i v e l y ) ,  i f  the  r o o t s  d e r i v e d  f r o m  the c h a r a c t e r i s t i c  equa t ion  (10) a r e  r e p l a c e d  by 
the e x p r e s s i o n  a2n/(1 + r e / L  ). The a v e r a g e  c o n c e n t r a t i o n s  c a l c u l a t e d  f r o m  (9), wi th  the  c o r r e c t e d  v a l u e s  
of the  r o o t s ,  a r e  in v e r y  good  a g r e e m e n t  wi th  the  qua n t i t i e s  c a l c u l a t e d  a c c o r d i n g  to the  r i g o r o u s  f o r m u l a  
(7) for  a l l  of the  v a l u e s  of the  F o u r i e r  n u m b e r  (see T a b l e  3). Th is  m a r k e d l y  r e d u c e s  the  v o l u m e  of c a l c u l a -  
t ion .  
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TABLE 3. The A v e r a g e  C o n c e n t r a t i o n  as  a Func t ion  of the  D i m e n -  
s i o n l e s s  T i m e  f o r  V a r i o u s  Va lues  of the  P a r a m e t e r  e 

8 = 6 . 1 0  "4, c ~ 0 , 5 0 0 2  8=0,015,  c~=0,5037 

Fo 

I I I  I I I  VI 

0,5 
I 
5 
lO 
50 
I00 
200 
300 
500 

0,000517 
0,000774 
0,00315 
0,00608 
0,0290 
0,0561 
0,1059 
0,1501 
0,2242 

0,000518 
0,000775 
0,00315 
0,00607 
0,0290 
0,0560 
0,1058 
0,1501 
0,2241 

0,000295 
0,000591 
0,00295 
0,0587 
0,0287 
0,0557 
0,1052 
0,1492 
0,2230 

iv v 

0,0119 0,0120 
0,0189 0,0190 
0,0714 0,0712 
0,1290 0,!287 
0,3835 0,3833 
0,4752 0,4750 
0,5037 0,5037 
0,5037 0,5037 
0,5037 0,5037 

0,0069 
0,0138, 
0,0652 
0,1220 
0,3778 
0,4728 
0,5037 
0,5037 
0,5037 

Note: L iV) The value of c z from formula (9); II, V) from (9) ;]II, VI) from (1). 

The c o n c e n t r a t i o n  walues  in co lumns  4 and 7 of Tab le  3 w e r e  c a l c u l a t e d  f r o m  (1) wi th  c o n s i d e r a t i o n  of 
the  M a x w e l l - R a y l e i g h  [4] end c o r r e c t i o n  which  r e d u c e s  to  the  r e p l a c e m e n t  of the  a c t u a l  l eng th  L by  L e f  t 

= L + 1.64 r c.  

We s e e  f r o m  the c i t e d  da t a  tha t  the  t r a n s i t i o n  p r o c e s s  has  a m a r k e d  e f fec t  on the  c o n c e n t r a t i o n  d i s t r i -  
bu t ion  for  t i m e s  c o m p a r a b l e  to the  t i m e  n e e d e d  to e s t a b l i s h  the  q u a s i s t e a d y  s t a t e .  The e f fec t  of the  t r a n s i -  
t ion  p r o c e s s  on the  a c c u r a c y  with  which  the  d i f fus ion  c o e f f i c i e n t s  a r e  m e a s u r e d  wi l l  be  a func t ion ,  in the  
f inal  a n a l y s i s ,  of the r e l a t i o n s h i p  be tween  the  d u r a t i o n  of the  e x p e r i m e n t  and the  t i m e  at  which  the  q u a s i -  

s t e a d y  s t a t e  s e t s  in. 

i t  a l s o  fo l lows f r o m  t h e s e  da t a  tha t  the  c o r r e c t i o n  f o r  t he  end e f fec t  i s  qui te  s u b s t a n t i a l  (see  T a b l e  3). 
The r e s u l t i n g  s o l u t i o n s  a r e  t h e r e f o r e  qui te  n e c e s s a r y  fo r  an e x a c t  a n a l y s i s  of the  e x p e r i m e n t a l  da ta .  The 
M a x w e l l - R a y l e i g h  end c o r r e c t i o n  a p p a r e n t l y  is  not  su f f i c i e n t l y  c o r r e c t ,  s i n c e  in i t s  c a l c u l a t i o n  the  f i n i t e -  
n e s s  of the  v o l u m e s  was  not  t aken  into c o n s i d e r a t i o n ,  n o r  the  a p p r o x i m a t e  s p h e r i c a l  s y m m e t r y  of the  d i f -  
fus ion  flux wi th in  the  v o l u m e s .  The i m p o r t a n c e  of the  c o r r e c t i o n  f a c t o r  fo r  the  d i f fus ion  in the  v o l u m e s  
can be  d e m o n s t r a t e d  with  a s p e c i f i c  e x a m p l e .  Thus ,  when e - 6 �9 10 -4 the  d i f fus ion  c o e f f i c i e n t  m u s t  be  r e -  
duced  by  a p p r o x i m a t e l y  1%, w h e r e a s  when e = 0.015 i t  mus t  be r e d u c e d  by ~10%, when the con ten t s  of the  

v o l u m e s  a r e  a n a l y z e d  fo l lowing a 10% change  in t h e i r  c o n c e n t r a t i o n .  

T h e s e  c a l c u l a t i o n s  a l so  show tha t  the  M a x w e l l - R a y l e i g h  c o r r e c t i o n  is  s o m e w h a t  l a r g e r  than  n e c e s s a r y .  

COl, 002, e l ,  C 2, e ~ 

R, V 1, V 2 
D 

r e ,  L, a 
: aL/V I 

Fo = Dt/L 2 

N O T A T I O N  

a r e  the  m o l a r  c o n c e n t r a t i o n s  of  the  gas  in the  f l a s k s  at  the  i n i t i a l  i n s t a n t ,  a t  the  i n s t an t  

t ,  in s e c ,  and a f t e r  c o m p l e t e  mixing;  
a r e ,  r e s p e c t i v e l y ,  the  r a d i u s  and v o l u m e s  of the  f l a sk s ;  

i s  the  d i f fus ion  coe f f i c i en t ;  
a r e ,  r e s p e c t i v e l y ,  the  r a d i u s ,  the  length ,  and the a r e a  of the  c a p i l l a r y  c r o s s  s e c t i o n ;  
is  the  r a t i o  of the  c a p i l l a r y  v o l u m e  to the v o l u m e  of f l a s k  1; 
is  the  F o u r i e r  d i f fus ion  n u m b e r .  

1 .  

2. 
3 ,  

4. 
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